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Abstract 

Explicit  expressions  for  the  discriminant  of  Hill's  equation  up  to 
terms  of  order  four  are  being  calculated.   It  is  shown  that  these  formulas 
permit  a  new  proof  of  a  theorem  about  the  asymptotic  distribution  of  the 
characteristic  values.   They  also  permit  the  derivation  of  certain  sum- 
mation formulas  involving  the  lengths  of  the  intervals  of  instability 
and  the  Fourier  Coefficients  of  the  periodic  function  appearing  in  Hill's 
equation. 
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1.   Introduction 

The  discriminant  of  Hill's  equation  is  an  analytic  funtion  A(X) 
of  the  characteristic  parameter  X  appearing  in  the  equation.   The  zeros 
of  A  -  2  and  of  A  +  2  determine  the  values  X  for  which  the  equation  has 
periodic  solutions;   the  intervals  between  the  zeros  of  A  -  ^  determine 
the  region  of  stability  and  of  instability  for  the  solutions  of  the 
equation.   Therefore,  it  is  of  importance  for  all  practical  (i.e.  numer- 
ical) purposes  to  find  expressions  for  A(x)  which  may  be  useful  for  a 
computation  of  the  zeros  of  A  -  k.     Although  it  is  known,  in  principle, 
how  to  find  a  suitable  expansion  for  A(x),  it  turns  out  that  the  actual 
computation  of  the  first  terms  of  such  an  expansion  is  not  an  easy  task. 
In  Section  h   of  this  report,  the  first  four  terms  of  the  expansion  in 
question  are  given  explicitly.   In  the  Appendix,  the  various  methods 
for  calculating  these  terms  explicitly  are  discussed  and  the  steps  of 
the  computation  are  indicated. 

Apart  from  being  useful  for  numerical  purposes,  a  discussion  of 
A(X)  may  also  serve  for  the  derivation  of  general  theorems.   In  Section 
h- ,   we  shall  show  how  a  theorem  due  to  G.  Borg  *"   can  be  derived  from 
our  expression  for  A,  and  in  Section  6  we  shall  supplement  Borg's  result 
by  relations  for  the  zeros  of  A  _  2  and  of  A  +  2.   In  the  special  case 
where  Hill's  equation  has  an  even  function  as  its  coefficient,  we  shall 
be  able  to  prove  additional  results  of  the  same  type,  Involving  the  sum 
of  the  lengths  of  the  Intervals  of  instability.   There,  results  are 
connected  with  a  theorem  derived  by  A.  Erdelyi '-  -'  who  gave  an  approxi- 
mate fonnula  for  the  length  of  the  intervals  of  instability  in  the  case 
where  the  coefficient  of  Hill's  squation  is  'almost'  constant.   We  wish 
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[21 
to  mention  here  that  Erdelyi's  paper'--'  also  contains  some  applications 

of  the  theory  of  Hill's  equation  to  the  investigation  of  electric  circuits 
and  a  large  number  of  references  to  other  applications. 

Section  2  contains  notations  and  some  elementary  results.   For  a 
proof  of  these  results  we  refer  to  reference  [3]  }   where  the  same  nota- 
tions are  being  used  as  in  the  present  report. 

The  method  used  in  Section  6  for  proving  relations  between  the 

M 
characteristic  values  is  due  to  Schaefke "- -' . 


2.   Notations  and  elementary  results 

We  shall  write  Hill's  equation  in  the  form 

(2.1)  y"+  [X  +  g(x)]y  =  0  , 

where  X  is  a  parameter  and 

00 

/^  ^\  I    \  '^N       2inx 

(2.2)  g(x)  =  /        g^e 

n=-oo 
is  a  real  valued  periodic  function  of  x  with  period  n;  we  have 

(2.5)         g^  =T_^  (n  =  0,  +  1,  +  2,  ...) 

where  a  bar  denotes  the  conjugate  complex  of  a  quantity,  and,  unless 
otherwise  stated,  we  shall  assume  that,  for  a  certain  constant  N  >  0, 

(2-.!^)  In^g^l  <  N  . 
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Condition  (2.4)  is  satisfied  whenever  g(x)  has  a  second  derivative; 

it  could  be  weaicened  without  affecting  the  results.  As  a  normalization^ 

we  shall  always  introduce  the  condition 

(2.5)  Sq   =   ° 

which  is  equivalent  to 


I  g(x) 


dx  =  0 


By  y-,(x)  and  yp(x)  we  denote  the  solutions  of  (2.1)  which  satisfy 
the  initial  conditions 


(2.6)  y^(0)  =  1,    y^(0)  =  0,  Y^{0)    =  0,  y^{0)    =   1  . 
The  discriminant  A(X)  of  Hill's  equation  can  be  defined  by 

(2.7)  A  =  y^(n)  +  y'^{^)    . 
The  transcendental  equations  in  X: 

(2.8)  A(X)  -2  =  0 
and 

(2.9)  A(\)  +2=0 

have  an  infinitude  of  real  roots  (and  no  others)  which  can  be  arranged 
in  a  sequence 

(2.10)  x^<  x^  5  x^  <  x^  ^  X^  <  X^  ^  Xj^  <  X^  ^  \^   ... 


where   \  ,    X  ,    \   ,    ...    are  the   roots   of   (2.8)    and  \   ,    \^,    X   ,    ...    are   the 

roots  of  (2.9).   If  X  equals  a  root  of  (2.8),  then  (2,l)  has  a  non  trivial 

solution  (i.e.  a  solution  other  thein  y  =  O)  which  is  periodic  and  of 

period  n;  if  X  satisfies  {2.9),    then  (2.1)  has  a  non  trivial  solution 

of  period  2rt,  and  there  do  not  exist  any  other  cases  where  (2.1)  has  a 

non  trivial  solution  of  period  Tt  or  2« . 

'I  t   I 

The  intervals  (-  00, X^),  {\^,\^) ,    (X^^X^),  (X^^i^).  {^y\)  >    ••• 

are  called  intervals  of  Instability.   Wherever  X  is  contained  in  such  an 

interval,  there  exists  at  least  one  unbounded  solution  of  (2.1).   The 

intervals  of  instability  include  their  boundary  points  provided  that  they 

contain  at  least  two  different  points;  if  X  =  \  ,    the  corresponding 

interval  of  instability  disappears.   We  shall  label  the  intervals  of 

I       t 
instability  by  calling(-oo , X   )    the   zero-th  interval,    (X   ,X   )    the   first 

Interval  and  so  on,  and,  accordingly,  we  shall  talk  about  even  and  odd 

intervals  of  instability.  '  ^ 

The  open  set  of  the  X-axis  which  remains  after  the  intervals  of 
instability  have  been  taken  out  is  a  collection  of  open  intervals,  the 
intervals  of  stability.   If  iX  belongs  to  such  an  interval,  all  solutions 
of  (2.1)  are  bounded  in  (-00,  00)  . 

The  numbers  X  ,  X  ,  X  ,  . . .  are  called  characteristic  values  of  X. 

Whenever  two  of  these  coincide,  an  interval  of  instability  disappears; 

for  the  corresponding  value  of  X  =  X^  n  =  ^^^  or  X  =  X^   =  X  ,  where 
■^     °  2n-l   2n        2n-l   2n 

n  =  1,2,3,...,  all  solutions  of  (2.1)  are  periodic  with  period  2jr  or  jt 

t       I 
respectively.   We  shall  have  X^   -,  =  X^   or  X^   =  X^   if,  and  only  if, 
■^       -^  2n-l    2n     2n-l   2n 

(2.7)  or  (2.8)  respectively  has  a  double  root;  no  root  of  these  equations 
can  have  a  multiplicity  greater  than  2.   For  a  proof  of  these  facts  see  \y\ 


5  - 


J)'.        Borg's  Theorem 

The  folloving  result  is  due  to  G.  Borg'-  -' : 


Theorem  1.   For  large  values  of  n  =  1,2,3,...  the  asymptotic 
distribution  of  the  characteristic  values  of  Hill's  equation 
is  given  by 


x'   ^  =  (2n-l)2  +  ^  +  o(n-2) 


x'     =  {2n-lf   +  ^  +  o(n-2) 


)  2     C      f    -2. 


X     =  i+n^  +  -^  +  o(n"  ) 


where 


n 


C  =  ^  f   lg(x)|2dx  =  2 


n   -n 
b  n=l 


We  shall  prove  Theorem  1  fully  for  the  special  case  where  all  but 
a  finite  number  of  the  g  are  zero.   In  this  case,  we  may  replace  o(n   ) 

by  (y{rC        )  which  shows  that  the  intervals  of  instability  are  of  the 

-^l2 
order  of  magnitude  n  ^'   as  n  ->  oo .   In  the  general  case,  we  shall 

indicate  how  our  proof  has  to  be  modified  in  order  to  obtain  Borg's  Theorem. 
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k.        Formulas  for  the  discriminant 

We  shall  derive  Borg's  Theorems  from  the  folloving  two  lemmas  and 
from  Theorem  5  formulated  belov: 

Lemma  1   The  discriminant  A(X)  is  an  entire  function  of  \ 
vhich  admits  an  expansion 


A(X)  =  ^  A^(; 


n=0 


in  which  A  (X)  is  a  homogeneous  form  in  the  g  (r  =  +  1,  +  2^ 
such  that  the  coefficient  of 


■1   2 


is  an  entire  function  of  X  of  the  type 


R  (X)  £HHL^  +  s  (X)  cosrt  /I  . 


There  R  (X),  S  (X)  are  rational  functions  of  X  the  poles  of  which  are 
n      n 

located  at  some  of  the  points 


'^'A*  ^2^---*^k 


< 


where  k  =  n  and  where    //,  ,    ...    ,    /^,     are   certain  numbers   of  the   set 

1  k 

consisting  of  r  ;,  r  ,    . . .  ,  r  .   For  large  positive  values  of  X, 
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A(X) 


\M 


n=0 


=    a(x 


■(N+l)/2^ 


Lemma  1  is   an  immediate   consequence   of  results  proved  elsevhere; 
it   follows   from  Theorem  2.5  and  from  the  proof  of  Theorem  2.*+   in    [3]  . 
The   other  lemma  needed  for  the  proof  of  Borg's   Theorem  vill  be   derived 
in  the  Appendix   (Section  7).      We  may  formulate   it   as   follows: 

Lemma  2.        Let  R   {X)    and  S   (X)   be   defined  as   in  Lemma  1.      Then 
n  n 

the   excess   of  the   degree  of  the   denominator  over  the   degree  of 
the  numerator  is,    for  R   (X),    at   least 


and  for  S    (X)    at   least 


1 
^   -2 


where  [(n/2)] is  the  largest  integer  not  exceeding  n/2. 


The  last  result  which  we  shall  need  for  the  proof  of  Borg's  Theorem 
is  an  explicit  expression  for  A  ,  A.^ ,  A  ,   A     and  A.  .   A  derivation  for 
these  expressions  will  be  given  in  the  Appendix  (Section  7).   The  formulas 
needed  may  be  written  in  the  following  manner: 


Theorem  2.      For  n  =  (4.,   A  (X)    Is   given  by  the   formulas; 


A  (X)    =  2cosjt/i! 


\W 


(\)    _  rtsinn  J\       \         ^r^-r 


2  /X 


r=l 


X-r 


^ 


(X)    =   - 


JI 


^  r^s=l 


^^r^s^-r-s^  g_^g_3g^^3)(5^-r^-s^-rs) 
(X-r2)(X-s2)[^-(r+s)f] 


\(^) 


2  cosjt  yx 

"       i6x 


r=l 


X-r 


Trslnit  yx 

61+ yx 


(g,g  J 


r=l 


X 


p  ph. 

30X  -TOXr  -l6r 
(X-r^)    (X-W^) 


^ 


^^r^-r^s^J 


r,s=l 
r  >  s 


.    ,2   ^^f    2      2x      2  2 
l^X  -3X(r  +s    )+r  s 

2  2 

X(X-r2)    (X-s^) 


2        2 
10X-2r  -2s 


(X-s^)(X-r^)^-(r-s)f^^-(r+s)l^  ^J,m=l 


CO  OD 


X    s 


k,m,/ 


(^)    +       51       Z!     ( 


k  4:  /     m=l 

k,/=l 


V+m^k^-i'S-k-m^  S-/-m^-k%%+m)\,m,//^) 
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vhere 


and  S  J\)    is   defined  by 

^\,/,m^^^    =  k  ^  (^--'^^    -  k(^  -  (->^)    -  ^  -  ^^'^--)' 
vhere 

8/^  (X-/2)(X-m2)[I-(Am)f]      '  / 

We  have  embedded  in  Theorem  3  more  information  about  A  than  vould  be 
necessary  to  prove  Borg's  Theorems.   This  has  been  done  since  the  full 
explicit  expression  of  A^,^  and  A  may  be  expected  to  be  useful  for  numerical 
calculations  in  specific  applications. 

In  the  case  vhere  g_   =  -  g  ,  i.e.  where  g(-x)  =  -  g(x),  we  have  the 

Corollary  of  Theorem  3:   If  g(x)  is  an  odd  function  of  x, 

A  S  0  whenever  n  is  an  odd  integer, 
n    — — s — 

This  result  is  a  trivial  by-product  of  the  expression  for  A  as  an 
infinite  determinant  which  will  be  used  in  the  Appendix. 
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5-   Proof  of  Borg's  Theorem 

In  order  to  derive  Theorem  1  from  Lemmas  1  and  2  and  from  Theorem  2, 
ve  shall  make  the  folloving  assumption: 

Only  a  finite  number  of  the  Fourier  coefficients  g  of  g(x) 
is  different  from  zero. 

This  assumption  will  simplify  the  proof  and  will  help  to  clarify  the 
method.  We  shall  indicate  afterwards  what  has  to  be  done  if  we  wish  to 
replace  this  assumption  by  a  weaker  one  such  as  the  inequality  (2.^).   If 
only  finitely  many  of  the  g  are  different  from  zero,  it  is  obvious  that, 
for  X  -^  00,  X  >  0, 

00  00 

(5.1)  ^  ^  =  X-1  X  g^g  ,.  +  ^(^"^) 
r=l  ^-^  r=l 

00 

(5.2)  Z  g,g_rg,g_3  ^^'-^^^^Y^  '  l^'     =  ^(x-5) 
r,s=l  X(X-r^)  (X-s^) 

r  >  s 

00 

(5-5)     Z  SAA«-s  ^°^;^^'-^%  ^ =  ^(^-') 

r,s=l  (X-r2)(X-s^) |x-(r-s)£j  [x-(r+s)^ 

OQ 

(5.'*)     Z  (E,S.,)'  30X^  -  70Xr^  -  ler"  ^  ^(^-2, 
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(5,5) 


<y  (/,m) 


^(X 


■5/2) 


(5.6) 


Also^    it  follovs   from  Lemma  2  that 


(5.7)  ^(X)    =  (sinrt  /X)  (y{\~^^^)   +   (cos^yi)  ^(X"^) 


(5.8)  A^(X)    =   (sinn/X)(y(x"9/2)    +   (cos«/x)^(X 


-^. 


and  therefore  Lemma  1  shows  that,  for  X  -^  qd 


(5.9) 


A  -   >    A 
^ 1 

n=0 


=  m^ 


•7/2^ 


Consider  now  the   equation 


2  jt 


(5.10)  2   -   A  =  i+sin"^  I    yx  -   Ag   -  A^   -  Z^    -    ...    =  0. 


If  X  is  large,  all  terms  except  sin  |  v^  will  be  of  the  order 

-3/2 
of  magnitude  of  X  '   or  smaller,  and  therefore  we  will  have 


sin  I  /X   =  (y{x 


-5  A. 


if  X  is  a  large  root  of  2  -  A  =  0.   Therefore, 


-   12  - 


(5.11)  X     =   (2n  +  er   , 


where  n  is   an  integer  and  where 


(5.12)  €    =    O^iX*   -5A)    =    (^'(n"^/^] 


Since  we  are  interested  in  X  and  not  in  ^/X  ,  we  may  assume  that  n  >  0. 
In  terms  of  €, 


,,    .    2  rt    /T^  2  2         /^,    k.  2  2         /v,    - 

4sin     o  \/^     =  rt   e      +    L/(e    )    =  jt   e      +    C7(n 


sinjt  y/x  =  Jt   e      +    (Ti^    )    =  rt   e      +    {^(n' 


■9/2. 


Therefore,   we   find  from  (2.10),   by  substituting  the   explicit  expressions 
for  A  ,    A,   A     from  Theorem  3  and  by  using  the   inequalities    (5-l)   to   (5.9) 

2 


(5-15)  n' 


^"i? 


r=l 


=     e(7(n-5)   +   Oln- 


From  (2.12)  we  find  now 


32n-- 


r=l 


=  ^(n-^5/2^ 


and  therefore  e  =^(n"'').   But  this  implies  that,  in  (2.I3) 
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(5.1^)    «^ 


52n-' 


r=l 


=  (Tin-^) 


and  therefore  we  have  the  result 


(5.15)   e  =  -^  Z^  e.g.,  +  6^(n" 


52n' 


r=l 


vhich  leads  Inmediately  to 


(5-16)    \*   =  (2n  +e)2=  i+n^  +  ^ 


r=l 


;j.g_j.  +  (^(n 


-3^ 


which  agrees  with  the  result  stated  in  Theorem  1.  Actually,  our  remaindej 
term  is  somewhat  smaller  than  the  one  mentioned  there,  but  this  is  due  to 
the  fact  that  (2.1)  has  to  be  replaced  by  a  weaker  inequality  if  there  ar« 
infinitely  many  g  +  0. 

Observe  that  in  (5-15)  the  coefficient  of  the  leading  term  n   canm 
vanish  unless  all  of  the  g  vanish,  in  which  case  everything  is  trivial. 
Therefore,  n   is  the  true  leading  term  in  the  asymptotic  expansion  for 
G  except  for  the  trivial  case  e  =  0. 

Equation  (5-l6)  is  not  yet  the  equivalent  to  the  full  statement  of 
Theorem  1.   What  is  missing  is  the  proof  that  (2.1^)  actually  has  two 
roots  close  to  ^X  =  2n  (that  these  must  be  real  is  an  elementary  result, 
see  [5]),  and  that  these  roots  are  the  n-th  and  the  (n+l)-st  roots  of 
2  -  A(X)  =  0.   To  show  this,  we  consider  the  function 


D(X,S)  , 


<   < 

0  =  6  =  1 


-  Ik  - 


which  is  defined  as  the  discriminant  of  the  equation 


y"  +  [X  +  Sg(x)]y  =  0 


Clearly,   we   have 


D(X,l)    =  A(X)    ,  D(>^,0)    =  2cosjr  /X 


We  know  that  the  equation 


D(X,&)  -2=0  (0=6=1) 


has  real  zeros  only,  and  we  can  show  by  the  method  used  in  proving  Lemma  1 
that  for  X  ^'  00 


(5.17)     |d(X,5)  -  D(X,0)|  =  ^        (M  =  constant) 

uniformly  in  5.   Also,  we  can  show  that  there  exists  a  negative  constant 
-  -A.  such  that 


(5.18)     |d(- A,6)|  >M  (M  =  constant) 


independent  of  5  for  0=6=1.   Now  let  X  =  a  +  ip  be  a  complex  variable 
where  a,  p  are  real  and  consider  the  boundary  R  of  the  rectangle  defined  by 


A^a^(2n+i)^         -l^p^l  . 


-  15 


We  knov  from  (2.17)  and  (2.l8)  that  A(X,5)  -  2  :j=  0  on  R  for  0  =  5  =  1. 
We  also  knov  that  the  zeros  of  the  equation 


A(X,6; 


which  are  located  within  R  are  continuous  functions  of  6.   Let  N(5)  be 
their  number.   Then 


(5.19)    N(6)  .  ^  )   ^  dX 


L  I 


where  A  =  Sa/3x.  Now  the  integral  on  the  right-hand  side  is  a  continuous 
function  of  A  since  the  denominator  never  vanishes  on  the  path  of  integra- 
tion, and  therefore  the  left-hand  side  is  a  constant  since  it  is  an  integer. 
For  5  =  0,  we  find 

N(0)  =  N(6)  =  2n  +  1  , 


and  therefore  there  are  exactly  2n  +  1  zeros  of  A(x)  -  2  in  the  interval 

<   <       1  2 

-  N  =  X  =  (2n  +  — )   .   Similarly^  there  are  exactly  2n  -  1  zeros   of 

-,  2 
A(X)  -  2  in  -  N  =  X  =  (2n  -  — )  ,  and  therefore  there  are  exactly  two  zeros 

in  2n  -  3/2  =  X  =  2n  +  I/2  which  must  be  the  two  roots  of  (5.1^)  close 

to  /X  =  2n  and  they  must  satisfy  the  relation  (2.l6)  for  X  .   This  proves 

Theorem  1  in  the  case  where  only  finitely  many  of  the  g  are  different 

from  zero.   In  order  to  indicate  what  has  to  be  done  in  general ;,  we  shall 

proceed  as  follows : 
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Assume  that 


(5-20)    2—     g^g  ^^^     <  ^  > 


n  -n 
n=l 


i.e.  that  g(x)  has  a  square  integrable  first  derivative.  We  wish  to 
estimate  the  absolute  value  of 


^ 


n=l 


\^-n 


—       X(X-n2) 


^ 


for  X  ^^  oo  .   In  the  case  of  a  finite  sum,  ve  would  have  |d(X)|  =  ^(X   )- 
Now  all  we  can  do  is  to  prove 

(5.21)     |d(X)|  =  (^{\-^^^)  (  X^  oo). 


2 
To  do  this,  let  X  =  cd  and  observe  that 


/  2 

i   I   e    n  g  g   sin  nx  dx  =  -  2(-l;   — 


and  therefore 


2     2       '^n'='-n 
(x>  -n 
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XD(X)   =  -  i   I   I  ^  (-l)"^  n  gj^S_^  sin  nxl  e  '^^  dx 


=  -  I   I    k      r   10)"   y   (51  n  g^g_^  Sin 


nx  I  dx 

~n~-n 

n=l 


Integrating  by  parts,  we  find 


^^^^^  ^  ~  ^       I    ^^^'"^  "  ^■^    I  ^   "^  ^n^-n  ^°^  "^  '  ^ 


Because  of  (5.20),  the  integrand  is  a  continuous  function  of  x  which 
is  boiinded  independently  of  od.   This  proves  (5-21). 

Similar  arguments  can  be  applied  in  order  to  extend  the  estimates 
(5.l)  and  (5-2)  to  the  case  where  infinitely  many  of  the  g  are  different 
from  zero.   However,  we  shall  not  go  into  the  details,  which  are  rather 
tedious. 
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6.   Some  relations  between  the  characteristic  values. 
We  shall  prove  the  following  results: 

Theorem  3.   Let  the  roots  of  A(X)  +  2  and  of  A(X)  -  2 
be  denoted  as  In  Section  2.   Then 

(6.1)  Z   [^;,.i  -  \^   -   2(2n  -  1)  j  =  0 
n=l 

00 

(6.2)  X^.Z   [^2n-l  -  ^2n  -  2(2n)3     =0. 

n=l 


Whe 


reas  Theorem  1  shows  that  for  large  n,  X^  -,  and  X„  exceed  (2n-l) 

2n-l      2n        ^ 


2 


2 
and  X^  ^  and  X^  exceed  (2n)  .  it  follows  from  Theorem  3  that  the  same 
2n-l      2n        ^     ^ 

statement  cannot  be  true  for  all  n. 

The  next  result  refers  to  the  case  where  g(x)   is  an  even  function  of 
X,  i.e.  where 

g(x)  =  g(-x)  ;  g_^  =  g^  (n  =  1,2;5,...)  . 

In  this  case,  the  periodic  solutions  of  (2.1)  belonging  to  the  characteristic 

t         t 

values  X^  ^  and  X„  are  either  even  or  odd  periodic  functions  of  x  with 
2n-l      2n 

period  2jt.   Let 


7i<72<  ...  <r„<  ... 

I       I 

be  the  ordered  sequence  of  those  numbers  of  the  set  X^   , ,  X^   to  which 

2n-l   2n 

there  belongs  an  even  periodic  function  of  period  2-a ,    and 


<^1<^2<  •••  ^'^n"  •• 
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be  the  ordered  sequence  of  the  remaining  numbers  of  the  \^     ,  ,  )^^  to 

2n-l   2n 

which  there  belongs  an  odd  periodic  solution  of  (2.1).   Similarly,  let 


7^<  72  <  .-.  <  7^<  . 


be  the  characteristic  values  belonging  to  the  set  of  numbers  X^  ,  and  X 

2n-l      2n 

to  which  there  belong  even  solutions  of  (2.1)  which  are  of  period  jt  and 


0>,  <  ox  <  . . .  <  0^  < 
12  n 


the  sequence  of  characteristic  values  corresponding  to  odd  solutions  of 
period  rt.   Then  we  have: 

Theorem  h: 


(6.3) 


X!  (^n  -   %^        =  -  2 


n=l 


n=l 


=2n-l 


(6.4; 


X  + 
o 


z 


n=l 


(7. 


n=l 


=2n 


The  following  comment  should  be  made  concerning  Theorem  h.      For  large  n, 

r 

l^n  -  ^n'    =^2n-^2n-l 


(6.5) 


7  -    <^  \      =  >-^   -  X^   , 
n    n'     2n    2n-l 
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Therefore^    the   absolute  values   of  the  terms   in  the   sums   on  the   left-hand 
sides   of  the   equations   in  Theorem  k  represent  the   lengths   of  the   intervals 

of  instability,  at  least  for  large  values  of  n.   On  the  other  hand, 

-    [21 
A.  Erdelyi '-  -■  has  shovm  that,  for  sufficiently  small  values  of 

CO 

i2 


Z 


n' 
n=l 


the  n-th  interval  of  instability  is  approximately  odf  length  2lg  |. 
Theorem  h   shows  that,  although  Erdelyi 's  result  may  not  be  exact  for  the 
individual  intervals  of  instability,  there  exist  a  weaker  but  exact  sub- 
stitute for  it  in  the  form  of  a  relation  between  sums. 

We  shall  now  prove  Theorem  ^,    and  we  shall  confine  ourselves  to  a 
proof  of  (6.1).  We  know  from  Borg's  Theorem  (Theorem  l)  that 

(6.6)  (2n  -  l)^[^2^_i  -  (2n  -  ifj 


and 


(6.7)  (2n  -  lf\^2n   "  ^^'^  "  ^^^ 


are  bounded  for  n  ->■  oo  .  We  also  know  that  A  +  2  is  a  function  of  order 
of  growth  —  and  that  therefore  for  a  suitable  value  of  the  constant  c. 


CO 

(6.8)  A  +  2  =  c 

n=l 
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unless  one  of  the  X  vanishes,  in  which  case  ve  would  have  to  use  a  slight 
modification  of  this  formula  which  will  not  affect  the  proof.  We  know 
from  Theorem  2  that,  for  large  positive  values  of  |i  =  -  X 


(6.9)     A  +  2  =  2  cosh^  |v^ 


1  - 


jt  sinh 


"v^/2     ^ 


2  /(i  cosh  It  v^/2 


n=l 


H  +  n 


C7(^-5/2) 


Now  consider  the  behavior  of 


(6.10)  L(u)    =     I-  log  ^  ^  2 


^^  cosh2(«  /lL/2) 


for  ^  ->  oo . 

From  the  product  representation  of  A  +  2  and  of  cosh(jr  /tI/2)   we   find 


(6.11)  L(n) 


=  Z 


n=l 


^  ^  Wl        ^  +  ^2n        ^^  (2n  -   l)' 


z 


^2n-l  -    ^2-  -   1^ 


^2n  -    ^2n  -   D' 


n=l        I    (|i  +  ^2n-lT  ^   ^^"^  "   ^n        ^'^  ^  ^2nT  "^   ^^"^  "   "^M  . 


^   E 


2n-l  ^  ^2n  "   ^(^n  -   D    |^^ 


-2 


n=l 


^2n-l  -   (^  -   1) 


2 


C-l^(2n-l)2     ^  ^^_^(2n  -  lY 


n=l 


+   (2b  -   1)^ 


Id  +  X 


•    1 

2ii-lJ 
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Bn  -    ^'^  -   ^)!] 


Bn  ^   ^2^  -   1)^^  -  4(2n  -   1)2 


n=l  n^f^  +   (2n  -   1)J^  +  ^sJ 


We  wish  to  show  that 


OD 


-5/2) 


(6.12)  L(m)    =  -     21      [^^_i  +  ^2n  -   2(2n  -   1)^^'^  +  (7(^^ 

n=l 


for  n  ^»  00 .      For  this   purpose,   we  have  to  estimate   the   last  two  sums   in 

_r/2 
(6.11),    proving  that  they  are   of  the   order  of  ^i     '     .      Using  the  boundedness 

of  the   expression   {6.6)  we   find  that 

^Esn-l  "   ^2n  -   1)^.  x;^_^(2n  -   l) 


2 


(6.15)  Z      [Cl  -    ^2n   -    1)'] 


n=l  "  \^.i2n-l)^\^.X^_2 


can  be  majorized  by 

00 

S   =  M 


H  +   (2n  -   if 


^-^        [;.(2n-l)g 


2 


where  M  is  a  suitable  constant.   By  using  a  standard  procedure  we  see  that 
S  can  be  written  in  the  form 


oo       ^2 
H  +  t 


(6.14)        2M  r  — — -  dt  +  (7(ii'^) . 


o    (n  +  t  ) 
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Nov  the  integral  in  (S.lk)   equals  Jt/iy/ii  and  this  proves  (6.12). 

Next,  we  shall  derive  an  asymptotic  expansion  for  L(h)  from  (6.9). 
From  some  calculations  and  by  using  an  argument  similar  to  the  one  we 
employed  in  estimating  (6.I3)  we  find  that 


(6.15)         l(m)  =  (7(^-5/2; 


provided  that 

00 


Z     n 


n=l 


<  00 

n' 


A  comparison  of  (6.12)  and  (6.I5)  proves  Theorem  3. 

The  proof  of  Theorem  k-   may  be  based  on  the  following  remarks : 

First,  we  can  show  that  for  large  n  the  pair  of  numbers  7'  ,  o-'   is 

n    n 

identical  with  the  pair  \^^    . ,  X^  ,  apart  from  the  ordering  of  the  numbers. 

2n-l   2n   ^ 

To  prove  this  statement,  we  will  have  to  consider  the  equation 
y"  +  [X  +  eg(x)]y  =  0  (O  =  e  =  l) 


using  a  similar  argument  as  in  the  proof  of  Theorem  1-   For  e  =  0, 

X^  n  =  ^o  =  (2n  -  1)  .   If  6  increases,  the  difference  X^  ^    -   ^^     will, 
2n-l    2n  2n-l    2n 

in  general,  be  different  from  zero,  but  it  will  stay  small  and  one  of  the 

periodic  solutions  belonging  to  these  two  niimbers  will  be  odd,  the  other, 

t         I 

even.   Since  both  X^  ^  and  X^  will  not  leave  a  certain  neighborhood  of 
2n-l      2n  ^ 

(2n  -  1)  bounded  by,  say,  (2n  -  l)   -  ^  and  (2n  -  l)  +0'  these  two 
numbers  will  always  be  the  characteristic  values  belonging  respectively 
to  the  n-th  even  and  to  the  n-th  odd  periodic  solution  of  period  2jt, 


-   2k   - 


although  we  do  not  know  whether  X   belongs  to  an  even  or  to  an  odd  solution. 

From  this  remark  and  from  Borg's  Theorem  we  see  that  the  series  (6.5) 
and  (6.4)  converge  absolutely  and  can  be  majorized  by  the  series  M  >  n 
where  M  is  a  constant.   Furthermore,  we  know  that  the  numbers 


-2 


'   n         n       n       n 


(7      =   X    ) 
^    o  o 


are   respectively  the   zeros   of 

y^(n/2,X),   y'2(«/2A),y'i(rt/2,X),    ^^{^l2,\) 

where  y  ,  y  are  the  normalized  solutions  of  (2.1)  described  in  Section  2. 
(For  a  proof,  see  Reference  [3]  or  [4]).  From  the  method  of  solving  (2.1) 
by  iteration,   we   find  that,    for  X  =  -\x,    \i.  large   and  positive 


(6.16)  y^(n/2,-u)    =   cosh(3t  /i:/2] 


t—        00 


=2n+l 


,      |i  +   (2n  + 
n=l 


.^(.-5/2) 


(6.17)  y2(rt/2,-n)    =   cosh(«^/2) 


1  + 


='2n+l 


n=l 


+   (2n  +   1) 


2     +^(^^"^/^) 


(6.18)  y^(jt/2,-n)    =     yilsinh(«    7^/2] 


Y_  -^^  .  (7(^-5/2) 


n=l 


\i  +  '^-n 
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(6.19)         j^{n/2,-vi)   = 


slnh  7t  </Ti/2 


1  + 


=2n 


n=l     ^^  ^  ^^ 


.    ^(.-5/2) 


vhere  the  (y    {\x     '    ) -terms  may  be  differentiated  vith  respect  to  \i.,    having 

-5/2 
a  derivative   of  the   order  of  ti  . 

Again,    the  left-hand  sides   in   (6.16)   to   (6.19)    are   fiinctions   of  |-i  of 

order  of  growth  — ,    and  will  admit  product  representations   of  the  type   (6.8), 

e.g.    (for  X     4  0,    7     4  0,    (T     40) 
o    '  n    '  n    ' 


(6.20) 


y  (rt/2,-n)    =   c   (1  +   nA^)      TT     (1  +   1^/7^) 

n=l 


(6.21) 


n=l 


where  c,c  are  constants.   Now  we  can  calculate  an  asymptotic  expansion  for 


d 

0^  ^°« 


y^(rt/2,-ti) 


in  two  different  ways,  using  (6.18)  and  (6.19)  or  using  (6.20)  and  (6.2l). 
By  equating  these  two  expansions,  we  find 


i.2 


=2n 


n=l   |i  +  4n 


5  .^(.-5/^: 


^   +   \^    '      ^ (n  +  7^)(n  +  O-^) 

n=l 
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Z 


2  /   go„  ^^  +  C7(m 


=2n 


-2,  ^^,.-5/2, 


n=l 


^Z  ( 


7  -  (7  J 
'n    n 


n=l 


^   + 


t7(.-5/') 


vhich  proves  (6.U).   Equation  (6.3)  can  be  proved  in  the  same  manner. 
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Appendix 

7.   Methods  for  the  computation  of  A 

From  reference  [3],  the  following  results  may  be  taken: 
(1)  We  can  define  the  n-th  component  A  of 
00 


(7.1)  A  :=  7      A^ 

n=l 
recursively  by 

(7.2)  A  (X)  =  u  (rt,X)  +  v'(rt,X) 
^  n       n        n 

where  (with  the  abbreviation  od  =  J\) : 

X 

(7.3)  u^(x,X)  =  -  ^   I   sin  a)(x  -  |)g(|  )u^_^(Od^ 

o 

X 

(7.i^)     v^(x,X)  =  -  ^  J   sina)(x  -  I  )g(l)v^_^(|  )d| 
.  o 

u  =  COS  oDx,     V  =0)  sin  CDx,     v  =  dv  /dx  . 
o  o  n     n 

(ii)  An  application  of  the  Laplace  transformation  to  (7.2),  (7.3)  and 
(7-^)  folloved  by  aji  application  of  the  inversion  formula  for 
the  Laplace  transformation  yields  the  following  result:   Let 


(7.5)     \'  2^  c(/^,  ...  ./„)«/  B/..-  S/ 

/,,4,  .../„=  -co  ^2      n 
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Then 


5+ioo 


'^•^)  '^^V    •••    '<^    =     ^         j  k(/^,    ...y^;p)e«Pdp 


6-ioo 


where  6  is  real  and  positive  and  where 


2p  -  2i 


(7.7)     k(i^,  ...  J^;v)    =   (-1) 


v=l 


p.p^   ]j   p.(p-2l4-. 


.2l/)2 


v=  1 


A  consequence  of  (7.7)  is  that 

(7.8)     c(A  ;  ...  ,Jc  )    =  A(a))  cos  aw  +  B(a))  sin  aw  , 

where  A{(x>)   and  B(a))  are  rational  functions  of  o)  the  poles  of 
which  lie  at  some  or  all  of  the  points 

a)  =  0,     o)  =  +(/+/,+...  +/) 
'         -  ^  r    r+1        s 

where  1  =  r  =  s   =  n.      The   degree   of  the   denominator  of  A{(x>) 

and  B(a>)   exceeds  the   degree  of  the  numerator  "by  at  least  n. 

A(a))    and  a)B(a))    are   even  functions   of  o). 

(iii)      There   exists   an  expression  of  A  in  terms   of  an  infinite 

determinant, 


(7.9) 


2  -  A  =   .4  sin 


2  jt 


X  -  kn' 
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whepe  6    =0  for  a  *  m  and  6    =1  and  where  n,m  run   from 
n^m  m, n 

-oo  to  +CO  in  the  infinite  determinant  on  the  right-hand  side 
of  (7.9)  vith  n  denoting  tiie  rovs  and  m  denoting  the  columns. 

We  shall  nov  discuss  the  merits  and  disadvantages  of  the  three  approaches, 
(i),  (ii)  and  (iii).   The  first  approach,  (i.e.  (7.2),  (7.3)  and  (7-^)),  pro- 
vides us  with  t.he  estimate 

(7.10)  |a^|  =  (^(oD-^)         cD_^+oo.      ■    _ 
Also,  the  same  approach  permits  us  to  estimate 

(7.11)  e-«^  |Aj 

o 
for  X=-0,  0-»+oo.   However,  (7-2)  and  (7-5)  are  not  suitable  for 

computing  A  if  n  >  2.   The  reason  for  this  is  that  (7.2)  and  (7.3)  produce 

a  large  number  of  terms,  many  of  which  disappear  or  combine  with  others  if 

we  take  x  =  jt . 

The  second  approach  (i.e.  (7.6),  (7.7))  provides  us  with  the  statements 

made  above  about  the  nature  of  A((jd)  and  B(cd)  in  (7-8)  if  we  evaluate  the 

integral  in  (7-6)  by  the  method  of  residues.   Still,  the  number  of  tenns  to 

be  considered  when  evaluating  this  integral  is  much  larger  than  the  number 

of  final  terms  since  many  terms  amalgamate.   The  approach  described  by  (7.6) 

and  (7.7)  does  not  allow  us  to  prove  Lemma  2  of  Section  k .      It  does  not 

even  make  evident  the  fact  that  only  those  of  the 


=(/,,4,  •••  ,/j 


can  be  different  from  zero  for  which 


(7.12)  A  ^^2^    •••  -^-^  = 


0 
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although  this  fact  can  be  derived  without  any  calculations  from  the  remark 
that  the  discriminant  A(X)  must  remain  unchanged  if  g(x)  is  replaced  by 
g(x  -  a),  where  a  is  any  real  number. 

As  it  happens,  the  most  efficient  method  of  calculating  A(X)  is  still 
the  method  originally  used  by  Hill  which  is  based  on  the  expression  (7-9) 
of  A  in  terms  of  an  infinite  determinant.   We  shall  exemplify  this  method 
by  applying  it  to  the  computation  of  A  ,  A^^  and  ^.      In  doing  this,  ve 
shaJ-l  also  indicate  how  to  prove  Lemma  2  of  Section  h. 

If  we  expand  the  infinite  determinant  of  formula  (7.9)  in  such  a 
manner  that  we  keep  terms  together  which  are  of  the  same  degree  in  the 
g  ,  we  find  that 


(7.15)  A     =  2   cos  cm 


\ 


CD  GO 


(7.1^)  A^  =   -  4   sin^  I  03 


0       g/ 


/=1       t=-oo      (X  -  H^)l\  -  Ht  +/f\ 


(7.15)      -  A^ 


if 


00  00 


?/  g^^ 


^-/  ° 


-/-m     ^-m 


[I  -  4(t  +  m)^  [I 


/,m=l       t=-oo  {\  -  kt)\\  -  k{t  +  m)\\x  -  h{t  +  / + 
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(7.16)    -  ^ 


),   .  2  n  "1 
k   sm  —  CD 


y,m,k=l   t  = 


0 


^-/-m-k  ^-m-k 


^m       ^+k 


X-kt' 


X-4(t+k] 


3E- 


X-i|(t+k+m)   X-i4-(t+k+m+. 


The  general  laW;,  according  to  which  A  can  be  expressed  as  an  infinite 
sum  involving  n  "by  n  determinants,  is  apparent  from  (7.15)  and  {J .l6) .  Now 
we  have  to  remark  briefly  about  the  proof  of  Lemma  2  (Section  k) .     We  know 

from  (7.8)  the  general  behavior  of  the  coefficient  c  of  a  particular  pro- 

2 
duct  of  degree  n  in  the  g..      If  we  make  o)  purely  imaginary  and  X  =  ca 

negative,  i.e.  if  we  put 


X  = 


then,  for  0  ->  oo  , 

(7.17)     c(/^,  ...  ,/)[!: 


_  2  jt 

m  2  o) 


=  (^-{0' 


where  d  is  the  smaller  of  the  differences  between  the  degrees  of  the 
denominators  and  the  numerators  in  A(cjd)  and  B(a:)).   (Special  attention 
must  be  given  to  the  case  where  these  two  differences  are  equal  and  where 
d  may  be  greater  than  either  of  these  two  differences  because  in  A  cos  jto) 
+  B  sin  Tva,    the  asymptotic  behavior  for  oo  =  i9,  0  ->  +  od  may  be  different 
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from  that  of  A  cos  noi  and  of  A  sin  rtco.  This  case  has  to  he  settled  by 
putting  CO  =  (l  +  i)0,  and  letting  0  ^^  +  go  )  .  If  we  vlsh  to  compute  d 
by  using   (j.Yj),   we  may  apply  the   following. 

Lemma  J:      For  9  -^  +   oo. 


+  0O  n 


(7.18) 


-1 


m^^..-,m=l       t=-oo      v=l 
1  r 


2  2 

9     +   ( t  +  m^    + . . . +m   ) 
^  1  V 


(9^   +   t^) 


-1 


r-2n-l. 


^^^r-^n-X) 


The  proof  of  (T-lB)  is  based  on  a  comparison  of  the  multiple  sum  in  (7.I8) 
with  the  multiple  integral 


00     00 


I   ...  I  d,^...d,^   j 


(7.19)     I   ...  I   d^,...dn^   1   dT(9^  +  T^)    II  |9^  +  (t  +  ^i 


II  [^2  ^  (t  +  ^^  +  ...1-  ^^)2] 
v=l 


By  substituting  9t,  9h  ,  ...  ,  9n  for   t,  m-,  ,  ...  ,  n  ,  this  integral  is 
seen  to  be  equal  to 


n 

CO       00  CO  -rr- 

0^-2^-1  j   ...f   du^  ...  d^^    J   dxd+T^)"    II  [7+(t+m^+...+m;)2] 


dp.^    1   dT(l  +  T  ) 

-00  v=l 


and  here  the  integral  is  a  constant  independent  of  0.   On  the  other  hand, 
it  is  easily  seen  that  (7-19)  is  a  majorant  of  the  sum  in  (7-18). 
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Using  Lenma  ~^,   we  can  prove  Lemma  2  as  follows:   Looking  at  the 
representation  of  A  as  a  sum  of  determinants  which  are  divided  by  certain 
products  of  the  type  appearing  in  (7.l8),  and  picking  a  particular  product 

P  =  g/...  g/ 
1      n 

appearing  in  these  determinants,  we  see  that  P  can  appear  in  infinitely 
many  of  these  determinants  only  if  several  of  the  subscripts  ^  ,  ...  ,jt 
are  coupled  in  pairs,  say  X;.^  an'i  •^t-j'A  etc.  such  that  £    =  -^,  X     =  -A 

and  so  on.   If  we  have  r  such  pairs,  the  coefficient  of  P  in  A  is 

n 

essentially  an  (r  +  l)-fold  infinite  sum  of  the  type  (7.I8).   But  in  a 
determinant  of  the  type  appearing  in  (7-16)  (which  illustrates  the  case 
n  =  ^)at  most  [n/2j  such  pairs  can  appeaj,  and  this  proves  Lemma  2. 

The  corollary  of  Theorem  5,  as  stated  in  Section  k,    is  an  immediate 
consequence  of  the  fact  that  a  skew  symmetric  determinant  with  an  odd 
number  of  rows  and  columns  vanishes  indentically. 

Next,  we  shall  describe  briefly  a  method  for  evaluating  the  svmis 


Involved  in  A  ,  A,^  and  /^. 


To  compute  A  ,  we  need  the  fact  that 


(7.20] 


t=  -co  I  J 


TTCos   (jta)/2)  1 

ikjQ  sin   Um/2)        ^2  _£2 


5^ 


for  /  =  +  1,  +2,    +5,  ...  .   This  relation  can  be  proved  by  comparing 
the  formulas  for  A  ,  arising  from  the  methods  (i)  or  (ii)  described 
above,  with  the  expression  (7.l4).   But  ve  can  also  prove  (7.20)  directly 
by  using  the  formula 


oo        +  •  + 

(-1)  e^^^       jt  cos(xm/2) 


t=  -oo 


03^  -  kt^  aoD  sin  (Ws) 


which  can  be  proved  by  expanding  cos  (xu)/2)  in  a  Fourier  series  in  the 
interval  -rt  <  x  <  jt.   Now  we  have 


'°°    (-l)V*-     ^    (_,)t.i^-i(t.i)x        ^  _^^^  .CO    (.i)t^-itx 
t=-co  t=-oo  ^_^ 


jt  cos(xa)/2) 
2o)  sin(ocm:/2) 


and  therefore 


oo                J.   J.           oo                 ... 
=   P7     K^       ^r— ^     >         -.^^ ^  dt 


t  =  -00      L  -J   L.  -1  _^        t  =  -00  t  =  -00  ^ 


^2   /      ^.^  rt  rt   cos(a>it/2) 

cos  xu)/2  e  dx 


5 ? : —  cos  xm/  ^  e  cue  r  ^    ^-i 

8rtO)  sin   (W2)      y  JkD  sin(o>jt/2)  [s>  -rj 

which  proves  (7,20). 
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In  order  to  calculate  A^^,  ve  have  to  evaluate  the  sum 


^ 


(7.21)  S( 


{mj)    =         51      <    ^  -   h'^  [x  -   i|(t  +  m)2     X  -   l;(t  +  m  +/)^  K  • 
t=-oo      I  J 


Using  the   sums   S^/)    as   defined  and  evaluated  in   (7.20),   ve  have  that  S{a) 
can   also  be  written   as 


s(/) 


X   -   k{t 


X   -   4(t  +  m  +/)' 


t=-ao 


and  therefore 


S(m,/)    =  AS(m)    +   BS(/ +  m)    +   CS(/) 


where 


j+/(m  +/: 


kh 


,     c 


4m(m  +/ 


(7-22)  S(mJ) 


jtcosrtm/2 


3X  -^2  _  ^2  _^^ 


l6c.sin^a3/2  ^^  _^2)^^  .  ni^)    X   -   (/   +  m)^ 


Obvioiisly,    (7-22)    and   (7-15)  will  give  us   the  expression  for  A     (x)    as 
stated  in  Theorem  2. 

Finally;,   we  have  to  evaluate   formula  (7 -16)  which  gives  us  A  ,   .      For 
this  purpose,   we  must   first  write   out  the  ^  by  4  determinants   in  the  numer- 
ator;   then  we  must   collect  all  terms  which  involve   the   same  product   of  the 
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g   ,    and,    finally,   we  must   carry  out  whatever  simmatlons   remain.      This   is 
a  rather  tedious   Job,    and  we   shall  not  discioss   it   in  detail.      All  we  shall 
do  here   is  to  indicate  which  sums  must  be  evaluated  and  how  this  evaluating 
can  be  done 

Consider  first 


S(k,m,/) 


t=-oo         L 


-1 


i^t^ 


X   -    i^(t+k) 


X  -   i4-(t+k+m)' 


X  -   if(t+k+m+ 


/)3 


Using  the  method  applied  for  the  calculation  of  S(m,/)  In  (7.22),  we  find  that 
(7.23)    S(.,„,/)  =  .  J5j^3^  s(nM  .  ^  S(...,/)  -  5-^i__^  s(.,/™)  . 


Since 


—  =   ,  ^      +      1 

km    k(k  +  m)     m(k  +  m)    ' 


we  see  that  S(k,m,/)  tends  toward  zero  like  X"^S(m,/)  as  X  ^  co  . 

The  main  difficulty  consists  in  computing  the  coefficients  of  (; 
and  of  S^S_^e^g_^  in  A^.  We  shall  use  the  following  notations: 


W) 


X  -  ht' 


t=-<D 


X  -  4(t+/) 


S*(/)  =       H      \^-ht^     }^-   Mt-/)2][T  -  l,(t+/)2] 


t=-oo 


s(/. 


m)  =   J:  [I  _  4tj'  K  -   4(t.^)T'  [7  -  Kt.m)T' 
t=-oo  -i    L        _J 
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S*(J,m)    =  ^  <  ^  -  H^  X  -  k{t+llf     X  -  k{t+mf     X  -  4(t+/+m)^  I  • 
t=-oo  I  J 


Then  the  coefficient  of(g.g_^)      on  the  right-hand  side  of  (7.l6)^  for  a 
fixed  /,  is 

(T.2M         I  [s(/)]  -  isC/)=-sj  . 

The  coefficient  of  g«g  .g  g  ;,  for  fixed  values  of  /,m  and  /  >  m  is 


(7.25)     [S(/)]   -  2S(/,m)  -  S(-Am)  -  S(/,-m)  +  2S*(/,i 


We  observe  now  that  it  follows  from  the  formulas  after  (7.20)  that 


t  itx 


t=-oo   X  -  ^t" 


Z  i 


^  xt  itx 
-1  e  • 


t  =  -OD   {\-kt 


2x2 


d     n  cos(x  yx/2) 
^2/1  sin(«  /x/2] 


By  applying  the  same  method  to  (7-26)  which  we  used  in  proving  (7 '20),  we 
find  that 


00         - 

t=-oo     L 


•1 


X  -  4(t-/)' 


s(/) 


(-1) 


64x^sin^(rt  yx./2)  ^ 


,i/> 


2rt        ,,,,2.2 


2C0S(X  yX/2)    ,  .      ,         /T-/_x 

^^ — ^ — ^ — ~+  xsin(x  VX/2j 


38  - 


cos(x  >/I/2)    cos(it  /x/2) 
sin(7t  yi/2) 


dx 


128X^sin   (jt  yi/2)         j         yi  (X-^ 


siiiTt  y/I       10X^-2X£^  X^  +  Xi?^ 

2^5     "   '^     ^2^X-^2^2 


By  the   same  type  of  argument,   we   find  that 


t=-(D 


52x5/2sin2(n  /x/2; 


/T-    5X  -/^        It  w^ 


and 


where 


8fs*(/)  =  -  s'(/)  -  s'(-/)  +  2S(/,  -J^) 


s(^,  J)  =  s(/,/) 


Finally,  we  find  that 

i^/m(/-m)S(-/,-m)  =  4/m(/-m)S(/,m)  =/s'(/)  -  ms'(m)  -  (/-m)s(m,ni-/) 
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and  these  formulas  permit  us  to  compute  all  of  the  sums  occurring  in  the 
evaluation  of  A  .   It  should  be  noted  that,  in  writing  down  these  formulas, 
ve  have  frequently  used 


H-  z 


t  =  -00      t=00      T  =  -00 

where  t  =  -  t. 

This  concludes  the  proof  of  Theorem  2. 


-   1^0 
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